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egories based on the availability of the reference image: full-reference as-21 sessment [15] [16] [17] [18] [19] , reduced-reference assessment [20] and no-reference assess-22 ment [21] . As with the work on SSIM, in this paper we focus on the full 23 reference assessment, i.e. a reference image (an HSI cube in our case) is pro-24 vided. 25 Reference HSI Test HSI Spatial SS (a) MeanSSIM.
Reference HSI Test HSI Spatial SS Spectral SS (b) MvSSIM. In the literature on using SSIM for HSI, usually a band-by-band manner 26 is adopted for the 3D cube. The SSIM index for the image of each spectral 27 band is calculated and then the mean of all these SSIM indexes (MeanSSIM) 28 is taken as the quality measure of the whole HSI cube, as illustrated in Fig-29 ure 1a. This simple strategy can compare the within-band spatial structure 30 between each pair of images for the same band in the reference HSI and the 31 test HSI. However, the similarity in the cross-band spectral structure, aris-32 ing from the continuity property of the spectra, has been neglected, although 33 such information is rich, unique and crucial in HSI. It is well known that both 34 spatial and spectral structures are of great importance in the analysis of HSI 35 and omitting the spectral structure is undesirable. Alparone et al. [6] and trum as a hypercomplex number. However, restricted by the properties of 38 hypercomplex numbers, their index needs a recursive procedure to compute, 39 making it not as popular as MeanSSIM in HSI restoration and denoising. 40 In this context, we propose in this paper a new and simple quality assess-41 ment index for HSI, termed multivariate SSIM (MvSSIM). In a 2D image 42 a pixel is treated as a univariate random variable by SSIM; in contrast, in 43 an HSI cube a pixel is in nature a multivariate random vector. To be more 44 specific, each spectrum of a pixel in an HSI cube is represented as a multi- 
where α, β and γ are three positive exponents adjusting the relative impor-72 tance of the similarities and often all set to 1.
73
The three similarities are calculated by using the sample statistics of x 74 and y. First, the similarity of luminance l(x, y) is obtained by comparing 75 the sample meansx andȳ:
y i , and C 1 is a constant that controls the 77 stability of the fraction whenx 2 +ȳ 2 is close to zero. Constants C 2 and C 3 78 in the other two similarities play the same role as C 1 .
79
Second, the similarity of contrast c(x, y) is obtained by comparing the 80 sample standard deviations s x and s y :
where s 2
(y i −ȳ) 2 are the sample variances.
82
Third, the similarity of structure s(x, y) is calculated as the sample cor-83 relation coefficient of x and y:
where s 2 is the number of spectral bands. X H and Y H can be rearranged as 2D
where N = a × b denotes the total number of pixels and x c q ∈ R N ×1 and 106 y c q ∈ R N ×1 represent the image vectors of the qth spectral band of X H and 107 Y H , respectively. The MeanSSIM index is calculated as
MeanSSIM can explore the similarity in spatial structure of each pair of 109 band images. However, due to its band-by-band manner, it fails to adequately 110 explore the cross-band spectral structure in HSI, while the spectrum of each 111 pixel, i.e. each row of X or Y , contains crucial information like its chemical 112 components. Thus, in addition to assessing the within-band spatial structural 113 similarity between two images of the same band, assessing the cross-band 114 spectral structural similarity between two spectra at the same spatial position 115 should also be considered in the quality assessment of HSI. Since an HSI cube contains both spatial structure and spectral struc- ture, its quality assessment should contain assessments for both structures.
119
Hence in this paper, we propose multivariate SSIM (MvSSIM) for the quality 120 assessment of HSI, generalising SSIM via multivariate sample statistics.
121
In MvSSIM, the spectrum of each pixel of an HSI cube is treated as 122 a realisation of a Q-dimensional random vector. To be more specific, we 
ii) the sample covariance matrices,
and iii) the sample cross-covariance matrix,
Different from the univariate sample statistics in SSIM, the sample statis- compares the luminance similarity, the spectral structure is not included in 143 this term and the inner products of vectors are used to make the numerator 144 and denominator scalars. We define
where , denotes the inner product of two vectors, andx q andȳ q are the 146 qth entries ofX andȲ , respectively.
147
It is easy to show that l(X, Y ) ∈ [0, 1] and l(X, Y ) = 1 when X = Y . If 148 Q = 1, i.e. the HSI becomes a 2-D image, (10) degenerates into (2) of SSIM. To make use of both the spatial and spectral information and to make 160 the numerator and the denominator scalars, a natural choice is to use the 161 nuclear norm to summarise the sample covariance matrix. Hence we define
where || || * is the nuclear norm, λ (s) = The term s(x, y) measures the spatial structural similarity between two images and is vital for SSIM resembling human perception. Preserving this good property of SSIM, we also adopt the correlation coefficient for MvSSIM.
We define s(X, Y ) as
where Γ X and Γ Y are diagonal matrices composed of the diagonal elements Combing the three similarity measurements defined above, the MvSSIM 177 index of X and Y can be written in a similar formulation to SSIM:
where as with SSIM α, β and γ are three positive exponents that adjust the 179 relative importance of the components. HSIs are created with different standard deviations.
234
Third, Savitzky-Golay smoothing filter is applied to the spectra of all 235 pixels to create smooth spectra, i.e. in the spectral dimension of the HSI. We 236 test eight different frame sizes: 5, 11, 31, 71, 91, 131, 171 and 191, i.e. eight 237 different noisy HSIs are created with different frame sizes..
238
Fourth, JPEG2000 compression is applied to the HSI in a band-by-band 239 way. We test five different compression ratios: from 10 to 50 with a step of 240 10, i.e. five different noisy HSIs are created with different compression ratios.
241
The reference image and noisy images of band 80 and the reference spec-242 trum and noisy spectra of pixel (50, 50) are shown in Figure 2 and Figure 3 . 
